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Abstract. In this paper we investigate the cohomological obstruction for the 
field of moduli of a G-cover to be a field of definition, in the case of local fields 
and covers with tame admissible reduction. This applies in particular to p-adic 
fields where p does not divide the order of the group G. We give examples of 
G-covers with field of moduli Qp that cannot be defined over Qp , for all primes 
p > 5. 



Introduction 

In the context of the regular inverse Galois problem, the method of rigidity 
and its generalizations using the braid action and Hurwitz spaces have been very 
successful. One drawback of these methods is that they apply a priori only to groups 
with trivial center. To give an example, let G be a finite group and / : y ^ a 
G-Galois cover of the projective line defined over Q. Assume that / has rational 
branch points zi, . . . , € P"'^(Q) and that the associated tuple of conjugacy classes 
(Ci, . . . , Cr) is rational and rigid. Then Q is the field of moduli of the G-cover, i.e. 
for each a £ Gal(Q/Q) the conjugate cover " f is isomorphic to /. If, moreover, 
G has trivial center, then Q is a field of definition of /, i.e. there exists a model 



1q — > Pq of / over Q. This yields the basic Rigidity Criterion, see e.g. |17|, 



22| or 24 



However, if the center G of G is not trivial, the field of moduli km of a G-cover 
need not be a field of definition. There is an obstruction w S {km , G) such that 
/ can be defined over an extension k/km if and only if the restriction of w to fc 
vanishes. This cohomological approach has been developed in several papers, in 
the context of Galois covers and in more general situations, see e.g. |Q, In |^ 
it is used to prove a local-to-global principle: a G-cover with field of moduli Q is 
defined over Q if and only if it can be defined over Qp, for each prime number p. In 
1^ it is shown that ojIq^ vanishes for each prime number p at which the cover / has 
good reduction; this includes all "good" primes in the sense of In the present 
paper we describe a method that allows, in many cases, to explicitly compute the 
local obstruction luIq^, at a prime p at which the cover / has bad reduction (but 
which does not divide the order of |G|). We also apply this method in a nontrivial 
example. 



1 



©0000 (copyright holder) 



2 



STEFAN WEWERS 



To explain our results in more detail, let k he a field which is henselian with 
respect to a discrete valuation v, and let / : F ^ be a G-cover, defined over 
the algebraic closure of k, with field of moduli k. Our main assumption is that / 
has tame admissible reduction. For instance, this condition holds if the order of G 
is prime to the residue characteristic of k. In this case, bad reduction is caused by 
degeneration of the branch locus of the cover modulo v. In particular, the results 
we present here are interesting only for covers with at least 4 branch points. By 
standard lifting results, the special fiber of a tame admissible cover, together with 
certain degeneration data, 'knows everything' about the generic fiber, see e.g. |26|. 



Therefore, one can hope to compute the obstruction for A; to be a field of definition 
purely in terms of the special fiber of /. 

Consider the following short exact sequence of cohomology groups: 

(0.1) O^H\ko,C) H\k,C) ^ i/i(fco,C(-l))^0, 



where fco denotes the residue field of fc, see [23|, Section II. A. 2. Suppose f -.Y 
is a G-cover with field of moduli k and lo E H^{k, C) is the associated obstruction 
for to be a field of definition. The class r„(a;) S H^{kQ,C{—l)) is called the 
residue of w at v. If ry{ui) = 0, then w, regarded as a class in H^{ko, G), represents 
the obstruction for the special fiber / of / to be defined over ko (as an admissible 
G-cover). This happens, for instance, if / has good reduction. On the other hand, 
if H^{ko, C) — (for instance, if fco is a finite field) then the special fiber / has a 
fco-model fkg, and then r„(a;) represents the obstruction for fkg to lift to a fc-model 
of /. These considerations immediately give a new proof of the main result of 

If the residue field ko has characteristic 0, one can describe the degeneration 
behavior of / purely in terms of the Hurwitz data attached to /. A substantial part 
of the present paper is devoted to showing that, in many cases, this description is 
sufficient for computing ry{uj). 

To compute oj over a p-adic field, we use a specialization technique. Given a p- 
adic field k and a G-cover / with field of moduli k, one can construct (under certain 
conditions) a G-cover /t, with field of moduli Kt := k{{t)), such that / = is a 
'specialization' of ft, for some value a G k with v{a) > 0. Since k has characteristic 
0, one can apply the more geometric methods referred to in the preceding paragraph 
to compute the obstruction ut for Kt to be a field of definition of /(. In this 
situation, we prove that the obstruction to corresponding to / can be computed by 
'specializing' to < = a. The proof uses the theory of Hurwitz spaces in mixed 



characteristic, see e.g. [25 



Let be the unique nonsplit central extension of by ±1. We construct, for 
each prime number p > 5, an cover with field of moduli Qp which is not defined 
over Qp. To my knowledge, this kind of example is essentially new (Q, Example 
2.6, for instance, uses only the real numbers). 

We should compare this paper to several approaches in the literature to under- 
stand the absolute Galois group of Q acting on the fundamental groups of moduli 
spaces. provides a Hurwitz space context for the Drinfeld-Ihara-Grothendieck 
relations (that apply to elements of the absolute Galois group; call these DIG rela- 
tions) . The approach was through tangential base points . We follow that tradition, 
though we are not taking the exact same tangential base points. For example, we 
often use complex conjugate pairs of branch points, while they always used sets of 
real branch points. Ihara's use of the DIG relations has been primarily to describe 
the Lie algebra of the absolute Galois group acting through various pronilpotent 
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braid groups, especially on the 3 punctured A- line. Fried in | Fri95a| , App. C] 



proposed Modular Towers, a profinite construction, as suitably like finite represen- 
tations of the fundamental group to see the DIG relations at a finite level . There 
is an analogy with Ihara in that modular curves are close to considerations about 
the A-line, though there is no phenomenon related to them that suggests seeing the 
DIG relations. Still, modular curves are just one case of Modular Towers. 

Fried specifically proposed the Modular Tower attached to A5 and four 3-cycles 
as a candidate where one would see a system of Serre obstruction situations from 
covers of A^. ^ Prop. 8.12] uses a specific case of Modular Tower levels having 
a tower of these Serre obstructions. Over the reals, there are points, Harbater- 
Mumford (HM) reps, at every level of this Modular Tower where (in our notation) 
the Serre obstruction vanishes and has value 0, and other points {near HM reps.) 
where it vanishes, but does not have value 0. At levels 1 and beyond, these are the 
only real points and the real components through them end at cusps of reduced 
Hurwitz spaces (covering the j-line). These computations are slightly differently 
than ours, and they give their own approach to Serre's obstruction throug h dire ct 
use of rational points on covers |l|, Prop. 6.8] . Still, restricting our Prop. 2.17 to 
the reals is essentially equivalent to an example of theirs. 

This suggests there are analogs of p-adic points on these Modular Towers levels 
that have a similar tangential base point (cusp geometry) analysis to the near HM 
and HM reps. Further, this geometry should reveal the DIG relations on actual 
covers, instead of as a Lie algebra relation. While there may be technical difficulties 
with carrying this out at all levels, the computations of Prop. 9.8] at level 1 of 
this A5 Modular Tower should be feasible. 

The paper is organized in two sections. In Section 1, we recall general results 
about the field of moduli and the field of definition of Galois covers, from our point 
of view. Section 2 is concerned with the case of a henselian ground field and contains 
the main results. 

The author would like to thank the organizers of the special semester Galois 
Groups and Fundamental Groups for inviting him and for providing financial sup- 
port. He would also like to thank the MSRI for its hospitality, and the referee 
for useful comments. The final version of this paper was written while the author 
received a grant from the Deutsche Forschungsgemeinschaft. 

1. General results 



In Section 1.1 we recall the necessary definitions. In Section 1.2 we introduce 
some notation concerning the Hurwitz description of Galois covers and compute the 
f.o.d. -obstruction in an example (the group is SL2(^) and the ramification type is 



(4, £, £)). In Section 1.3 we study in some detail Galois covers over the real numbers. 



1.1. The field of moduli condition and the f.o.d. -obstruction. Let G 

be a finite group and k a field. We denote by fc** a fixed separable closure of k and 
by Tk := Gal(fc''/fc) the absolute Galois group of k. Suppose we are given a G-cover 

of the projective line over fc"; by this we mean that / is a finite Galois cover of 
smooth projective curves over fc^, with Galois group G. We will always assume that 
/ is tamely ramified, and we let S = {zi, . . . , Zr} C P^s be the set of branch points 
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of /. Thus, the G-cover / corresponds to a surjective morphism <f> : 7r^(t/) G, 
where 7r^(C/) denotes the tame fundamental group of U :— P^.., — S. 

The question we are concerned with is the foUowing: is fc a field of definition of 
/, i.e. does there exist a G-cover fk : Yk — > defined over k such that / = fk^^kk"? 
A necessary condition for this to hold is that the branch locus S is Ffc-invariant. 
We will assume this from now on, and let Sk C P^ be the closed subset of P^ 
corresponding to S and Uk := Pj. — Sk its complement. By definition, fc is a field of 
definition of / if and only if <i> can be extended to a morphism $fe : Tr[{Uk) G: 

1 ^ 7r[{U) 7:\{Uk) Tk ^ 1 

G 

Let us fix a section s ; ^ 7r*(t/fc) of the natural projection 7r*(C/fe) — > Ffc, and let 
Ffc act on 7r*(J7) as follows: "l :— s(cr) 7 s(cr)^-'-. 

Definition 1.1. We say that fc is a field of moduli of the G-cover f :¥ ^ P^^ 
if for all a £ Tk there exists an element £ G such that 

$('^7) ^ h^<i>{-f)h-\ forall7G7r5(C/). 

Note that the field of moduli condition does not depend on the choice of the 
section s. Obviously, in order for fc to be a field of definition of /, it is necessary 
that fc be a field of moduli. However, this is not a sufficient condition, in general. 
Let G be the center of G and G := G/G the quotient. Assume that fc is a field of 



moduli of /, let h^r, for each a G Tk, be as in Definition 1.1 and set i^(cr) := ha- (the 
class of ha in G). Clearly, : Ffc — > G is well defined and a group homomorphism. 
It follows that for all a, r € F^ , the element 

Ca,T ■ — ha h-i- ha^ 

lies in the center G, and that (ct, r) 1-^ Ca.r is a 2-cocycle (where G is regarded as 
constant F^-module). Let lo G H^{k,G) be the cohomology class of this cocycle. 
By definition, lu is the obstruction for the existence of a (weak) solution ip of the 
central embedding problem {q,(p), see e.g. fP^ IV. 6.1] (here g : G — > G is the 
natural map). 

(1-1) V 



l^G — > G G^l. 

A formal verification shows (see e.g. |§): 

Proposition 1.2. The class lo is independent of the choice of the section s : 
Tfc ^ T^iiUk)- Moreover, lu = if and only if k is a field of definition of f . 

We call CO the f.o.d. -obstruction for the G-cover /, relative to fc ('f.o.d.' stands 
for 'field of definition'). The rest of the paper is concerned with studying and, if 
possible, computing lo, in various situations. First we make some general remarks. 

Remark 1.3. (i) The formation of lo is functorial in fc. More precisely, let 
K/k be a field extension, fK= ■ Y (E)k= F]^s the base change of / 

to K'^ (we embed fc'* in K^) and u!\k the image of uj under the restriction 
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homomorphism H^{k,C) H^{K,C); then uj\k is the f.o.d. -obstruction 
for fx- ■ 

A G-cover f : Y ^ F\s with r branch points corresponds to a fc*-point 
[/] : Spec 7ir(G) on a certain moduH scheme HriG), called the Hurwitz 
space. The field fc is a field of moduli for / if and only if [/] is /c-rational, 



i.e. factors through a morphism Spec/c — > HriG). See p!o| and |25|. 
(iii) There exists a cohomology class ui G H?^{Hr{G),C) which speciahzes to uj, 
i.e. u! = [f]*uj. The class uj represents the obstruction for the existence of a 
global versal G-cover over Hr{G), see [ p5[ | or Q. 

For a study of f.o.d. -obstructions for more general (e.g. non-Galois) covers, see 
§ and §. 

1.2. The Hurv^fitz description. We let k, S ^ {zi, . . . ,Zr}, U := ~ S 
and Uk be as before. We assume that k has characteristic 0; we may therefore 
write 7Ti{U) instead of tt\{U). Let us choose a /c-rational base point zq on U. The 
point Zq will either be a /c-rational point Spec fc — > [/fc or a "tangential base point" 
Specfc((z)) — > Uk, see psj . In both cases, we obtain a section s : Ffc — > 7ri(L/fc) 
(unique up to an inner automorphism of tti{U)) and hence an action of Ffc on 
TTi{U). We will write tti{U,zq) to denote the profinite group tti{U) together with 
this Ffc-action. 

We denote by Z(l) := lim„/i,„ the Tate module of Gm- Let 
(1.2) n := <7i,... ,jr I = 1> 

i 

be the free profinite group with generators 71, . . . , 7r, subject to the usual product 
one relation. 

Definition 1.4. An isomorphism p : H ^ tti{U,zo) of profinite groups is a 
presentation of 7ri(C/, zq) if it has these properties: 

(i) p{^i) generates an inertia subgroup J^. C 7ri([/, zq) corresponding to a point 
Zi G S, and 

(ii) under the natural identification I^. = Z(l), all the p{'ji) correspond to the 
same element in Z(l). 

It is a well known fact that such a presentation p always exists; let us choose 
one. To simplify the notation, we will usually identify 7^ with p{ji). The branch 
cycle argument states that for all G Ffc there exist elements . . . , /3r G '^i{U, zq) 
such that 

(1-3) "li = A7^(?/3r'- 

Here x -^k ^ is the cyclotomic character and a{i) is defined by a{zi) = z^i^iy 
Let f : Y ^ Pj^ be a G-cover with branch locus S', corresponding to a ho- 
momorphism $ : 7ri(C/, Zq) — > G. Setting gi :— $(7i), we obtain an r-tuple 
g = (51,... ,gr) of generators of G such that Hi 5* ~ 1- We write Nir(G) for 
the set of all such g and Ni"(G) := Nir(G)/ Inn(G) for the quotient of this set 



under the action of inner automorphisms of G, compare [ IC ] . We obtain a bijection 
between Ni"(G) (the set of Nielsen classes of length r) and the set of isomorphism 
classes of G-covers with branch locus S. We say that the G-cover / has Hurwitz 
description [g] G NiJ,"(G) (with respect to the presentation p). 
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The Ffc-action on ni{U,zo) induces a r/j-action on Hom(7ri(t/, zq), G), and 
therefore on Nv(G). Our convention is to let act on Nir(G) from the right, 
i.e. we define 

:== {9i,---,9r), with := $(cr 7, cr~^). 

We remark that this is not a standard convention in the hterature. The branch 
cycle argument (1.3) becomes 

with bi := The F^-action on Nir(G) induces a Ffc-action on NiJ,"(G). The 

following Proposition merely rephrases the definitions of Section 



1.1 



Proposition 1.5. Let f : Y ^ be a G-cover with branch locus S 



ana 



Hurwitz description g (with respect to a presentation p : 11 — > 7ri(?7, zq) )■ Then 

(i) k is a field of moduli of f if and only if [g]"^ = [g] for all cr £ F^. 

(ii) If (i) holds then there is a unique homomorphism (f :Tk G such that 

g^ = h,gh~\ 

where ha & G is a lift of (p{(j) G G, for all cr € Ffe. 

(iii) k is a field of definition of f if and only if it is a field of moduli and the 
homomorphism Cp in (ii) lifts to a homomorphism 93 : F^ — > G. 

The formula g'^ = h^gh^^ may seem counterintuitive at first. But we have 
to keep in mind that the homomorphism (p depends on g, and not only on its 
Nielsen class [g]. In more geometric terms, g corresponds to a pointed G-cover 
f : {Y,yo) — > (P^jZq). If fc is a field of definition of / and : Ffe G is as in 
Proposition |l.5| (iii) , then there exists a unique model : F of / such that 

the fiber f^^zo), as a G-torsor over k, corresponds to e H^ik, G). 

Example 1.6. Let r := 3, fc := Q, and let £ be an odd prime. We set £* :— 
(_l)(^-i)/2£^ S {0, VF, -VI*} C and [/ := pi - S. We identify Q(z) with 

the function field of Uq := Pq — 5 and let zq : SpecQ((z)) Uq be the tangential 
base point at 0, with parameter z. 

It is clear from 15 1 that there exists a presentation p : H ^ 7ri(t/, zq) such that 
71 € 7ri(t/, zq) corresponds to the closed path 1 1^ g27rit ^^^^ < t < 1). Then 

(1.4) "71 = "72 - 7.(2), "13 ~ 7.(3), 

for all cr e Fq. Here a fixes the indices 2 and 3 if \J I* = \J I* and permutes them 
if " ^^t ^ 

From now on we assume that ^ ^ ±1 (mod 8), and we set G := SL2(f). Let 
lA, IB be the two conjugacy classes of G containing elements of order £ and \A 
the unique conjugacy class containing elements of order 4. The classes £A and £B 



are conjugate over the quadratic extension Q(v^*)/Q. By |24] 1.3.3.6, the triple 
{4:A,£A,£B) is rigid, i.e. there exists exactly one class [51,52,53] S Ni3°(G) such 
that 51 e 4A, 52 G £A and 53 G £B. Let / : F ^ P^ be the G -cover with Hurwitz 
description [g] = [51,52,52] (with respect to p). By Rigidity and (|l.4|), [g]°' — [g] 
for all a G Fq. Therefore, Q is a field of moduli of /. 

The center G of G consists of the two diagonal matrices ±/; we identify it 
with {±1}. Let u) G H^{Q,±1) be the f.o.d. -obstruction of /. We may identify 
H^{Q, ±1) with Br2(Q), the 2-torsion of the Brauer group of Q. 
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Proposition 1.7. We have lo — (—1, —1), *.e. is represented (as an element 
o/Br2(Q)j by the quaternion algebra Q[i,j \ i"^ = P — ij = ^ji]- In 
particular, Q is not a field of definition of f . 

It follows that the regular PSL2(£)-extensions of Q{z) with ramificatfon of type 



(2,£,£) (se e e.g . |22], Section 8.3.3) do not lift to an SL2(^)-extension. We will see 
in Section L3 that in fact no PSL2(^)-extension with three branch points lifts to 
an SL2(^)-extension. 

Proof. The class oj G iJ^(Q,±l) is the obstruction for lifting the homomor- 
phism : Tq ^ G — PSL2(^) to a homomorphism (f : Tq ^ G = SL2(^). By the 
definition of (p and by Equation ( |l.4D , wc have (by abuse of notation) 

(1.5) ^{a)gi^{a)-' = g^^''\ for aU a e Fq. 

In particular, the image of ip is contained in iV := N/G, where N is the normalizer 



in G of the cyclic subgroup generated by gi. It is shown e.g. in |14|, Abschnitt 
II. 8, that iV is a dihedral group of order 4n, where n := {£ — 1)/A ii £ = I (mod 4) 
and n := {£ + l)/4 otherwise. Let H <] N he the unique cyclic normal subgroup of 
order n. By our assumption on £, n is odd. Therefore, there exists a unique cyclic 
normal subgroup H <] N oi order n mapping onto H. Since N/II = Z/2 x Z/2 and 
every involution in G lifts to an element of order 4 in G, N/H is isomorphic to the 
quaternion group Qg. It is easy to check that in the following diagram 

{±1} — > N — > N 

(1-6) i i i 

{±1} — > N/H = Qs — > N/GH = Z/2 x Z/2 

the group extension in the upper row is the puUback of the lower row with respect 
to the projection N N/CH. Let "0 : Fq ^ N/GH be the composition of (p with 
the projection N N/GH. It follows from |§, Exercise IV.3.1, that w = i)*ri, 
where ry g H'^{N/GH,G) is the cohomology class corresponding to the lower row 
of ( [l.6| ). In other words, u is the obstruction for lifting -0 to a homomorphism 



: Fq ^ N/H ^ Qg. Therefore, by a result of Witt (see (7.7) (ii)), 
OJ = (-1, a) + (-1, b) + (a, b) e Br2(Q), 
where E = Qlx, y | a;^ = a, = fe], a, 5 e Q, is the etale Q-algebra corresponding 



to tj). Let H' <] N he the maximal cyclic normal subgroup, of order 2n. By (1.5), 
the composition of ip with N/GH N/H' = Z/2 = (Z/4)^ equals the cyclotomic 
character modulo 4. Hence we may choose a = — 1, and u) — (—1,-1) follows. □ 

1.3. G-covers over the real numbers. In this section we discuss the case 
= M. Since the action of Fr on 7ri([/, zq) is known, we get some easy results 
and examples which illustrate several key concepts of this paper. For more general 
results on related questions, see [0], in particular §6. 

Let / : F ^ Pj. be a G-cover defined over the complex numbers, and assume 
that the branch locus S of / is defined over R. For simplicity, we will also assume 
that oo 1^ S. We can write S = {zi, . . . , z^}, with z; — Z2s-i+i for i — 1, . . . , s, 
and Z2s+j G IK for j — 1, . . . ,r — 2s. For z,w G C, we write z >- w if either 
Im z > Im w or Im z = Im w and Re z > Re w. In this notation, we may assume that 
zi . . . Zs and Z2s+i < . . . < z^. Let U :— — S and choose a real base point 
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zq < Z2s+i- By [ p!?! , Section 1. 1.1], there exists a presentation p : H 7ri([/, zq) 
with the following properties: (i) 7^ is represented by a simple loop based at zq 
winding counterclockwise around Zi, (ii) these loops are pairwise disjoint and (iii) 
the action of complex conjugation k € Fr is given by 

(1.7) = 72.-^+l: for i = 1, . . . ,2s, 
and 

(1.8) "72.+, = /3, l2s\j Pi\ for J = 1, . . . , r - 2s, 



where (3j := 72^+1 ■ . . . ■ 72s+j-i (see [17, Fig. 1.2]). We say that p is a normalized 
presentation of ■ni{U, zq). 

Proposition 1.8. Let g — {gi, . . . ,gr) be the Hurwitz description for the G- 
cover f -.Y ^ Pj^, with respect to a normalized presentation p, as above. Then 

(i) M. is a field of moduli for f if and only if there exists b ^ G such that 

bg,b-^ = 

for i = 1, . . . , 2s, and 

bg2s+jb-^ ^ hjg2,\jhj^ 

for j = 1,... , r - 2s, with h.j g2s+i • . . . • g2s+j~i- 

(ii) M is a field of definition of f if and only there exists b as in (i) such that 
62 = 1. 

Proof. Follows from Proposition |1.5| and equations (1.7) and ( |l.8| ). □ 



For certain groups G, the condition in Proposition 1.8 (ii) is rather restrictive, 
as shown by the next theorem. 

Theorem 1.9. Let G be a finite group. Assume that all elements of G of order 
2 lie in the center of G. Let f : Y ^ Vj, be a G-cover, with branch locus S 
defined over R, and let g be a Hurwitz description of f with respect to a normalized 
presentation p : H — > 7ri([/, zq) (see above). Then R is a field of definition of f if 
and only if 

(1-9) g = (.91, . . . • ■ ■ Cl, . . • ,Cr-2s), 

with c^ — 1 and Y[j Cj = 1 . 

The quaternion group Qg and SL2(^"), for £ 2 verify the conditions of the 
theorem. Elements of order 2 in A„ are products of 2s disjoint 2-cycles. They lift 
to have order 4 in the 2-fold coverings An of An exactly when s is odd |l|, Prop. 5.8]. 
So this also holds for A„ if 4 < n < 7. 



Proof. If g is as in (1.9), then '^g = g, so / can be defined overR. Conversely, 
if / can be defined over R then there exists & e G of order 2 such that bgib^^ = 
92s-i+i ^^"^ bg2s+j b~^ = hj g2g_^j by Proposition (ii). By the hypothesis 
of the theorem, 6 is a central element of G. Therefore, gt = (72s-i+iJ fo'" * = 1, ■ . . , s. 
Moreover, 52^+1 = 52s+i' '^i 92s+i has order 2 and hence Hes in the center 
of G. Continuing by induction, we find that cj :— g2s+j is central of order 2, for 
j — 1, . . . , r — 2s. This proves the theorem. □ 
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Figure 1. 



Example 1.10. Let G :— he the nonsplit central extension of by ±1. 
Let 5i,g2 e G be the unique Ufts of order 3 of 51 := (12 3), 32 := (3 4 5) G G = ^^5. 
Set g {gi, 52, g2\9i^) G Ni4(G). For t e C, set 

St := {zeC\z'^ + {2t- 2)z^ + 2t+l^0} = {±1± \/^ } 

and Ut := — St- Let us fix a value to € K such that < io < 1, and let pto be 
the normalized presentation of 7ri(J7to, 0), as shown on the left hand side of Figure 
^ We let ftg : Ytg Pj^ be the G-cover with Hurwitz description g, with respect 



to Pto- By Theorem 1.9, ft^ can be defined over . 

Let 6* : [0, 1] ^ C be the path s to e'"*", and let : Y_to be the 

A5-cover with branch locus S-t^ obtained from ft^ by "analytic continuation of the 
branch locus along s 1-^ Sg/ (see e.g. Section II. 10.1] for precise definitions). 
Thus, /_tQ has branch locus S-tg = {±1 ± v^}: and Hurwitz description g with 
respect to the presentation p-to: as shown on the right hand side of Figure 0. Note 
that the presentation p-tg is not normalized. From Figure 0, we see that the action 
of complex conjugation on Tri{U-tg,0), with respect to p-tgj is given by 

(1.10) '^71=7-1, '^72 =73~S2"S3, "73=73~S ''74-7rSrSi- 
A short computation reveals how this new action affects the tuple g: 

(1.11) = {9i\92\92,9i) = bgb-\ 

where 6 G A5 is a hft of (1 2)(4 5) G G = A5. Therefore, M is a field of moduh of 



f-tg- On the other hand, any element 6 e such that ( |l.ll| ) holds has order 4 
(there are exactly two of them), so M is not a field of definition of f-tg- In other 
words: for t e (-1, 1) - {0}, let ujt G i?^(IR, {±1}) be the f.o.d.-obstruction for 
Then w = for t > and w = (-1, -1) 7^ for i < 0. 



Example 1.10 illustrates a key point of this paper: the obstruction ujt, as a 
function of t G (—1,1) C R, has a 'jump' at t = 0. In the next section we will 
give the following algebraic interpretation for this phenomenon. Let f : Y ^ P^^ 
be the G-cover over fc^, with k = R((i)), corresponding to the family ft in an 
infinitesimal neighborhood of i = 0. Then fc is a field of moduli for /, and the 
corresponding f.o.d.-obstruction ui G iJ^(fc,{±l}) has a pole at t = 0, i.e. the 
residue rjj{Lu) G H^{M., {±1}) of lu at the valuation v of k does not vanish. 

2. Galois covers over henselian fields 



In Section 2.1 we recall the definition of the residue map and we state a theorem 
that says that the residue of the f.o.d.-obstruction of a G-cover vanishes if the 
cover has good reduction. In Section |2.2| we define compatible automorphisms of 
the free profinite group 11, with respect to an ordered tree. This is preparatory 
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work for Section 2.3, where we state some results on the Galois action on 7Ti{U). 



Here we restrict our attention to henselian fields with residue characteristic 0. In 



Section 2.4 we explicitly compute the f.o.d. -obstruction for some A^-coveis over 



finite extensions of Q{{t)). In Section 2.5 we explain how to 'specialize' our previous 
results to p-adic fields. 

2.1. The residue map. Throughout this section, we assume that k has char- 
acteristic and is henselian with respect to a discrete valuation v. We denote the 
residue field of v by ko and assume that ko is perfect. We write F^. for the maximal 
tame quotient of and /* < F^ for its tame inertia subgroup. We choose a section 

^ i fco lUCllUllJ i J. 



for the natural map F^ — > F^^ and identify F^ with /* x Tkg- We remark that, as 



a Ffcp-module, /* is canonically isomorphic to Z'(l) := lim „/in(fcn), where n runs 
over the integers prime to the characteristic of fco- 

We are given a G-cover / : y — > P^^, with branch locus S and field of moduli 
k. Let oj G H^(k, C) be the f.o.d. -obstruction for /. We choose a fc-rational branch 



point zq on U F^s — S. As explained in Sections 1.1 and 1.2, we obtain a certain 
homomorphism : Ffe — > G, and uj is the cohomological obstruction for lifting (f to 
a homomorphism if : Tk ^ G. We assume that the following tameness condition 
holds. 

Condition 2.1. 

(i) The order of G is prime to the characteristic of fco. 

(ii) The homomorphism : F^ — > G is at most tamely ramified at v. 

We may therefore regard (p as a homomorphism F|, — > G and lu as the obstruc- 
tion for lifting to a homomorphism ip : Tj^ G (Condition 2.1 (i) implies that 
there is a natural isomorphism H^{k, C) = iJ^(F|,, G)J 



htion |t| (i) 



According to []23|1 , Section II. A. 2, and Condition p.l| (i), we have a short exact 
sequence 

(2.1) 0->i72(fco,G) — > H^{k,G) H\ko,G{~l)) ^ 

(with G(— 1) := IIom(/*, G)). This sequence can be deduced from the Hochschild- 
Serre spectral sequence for the group extension determined by the inclusion / =— > F^. 
The map ry is called the residue map, and ry(uj) is called the residue of lu at v. If 
ry(uj) = we say that lo is regular at w; otherwise, to is said to have a pole at v. If 
UJ is regular at v, we can identify w with a class in iJ^(fco, G); we denote this class 
by Wo and refer to it as the value of uj at v. 



Proposition 2.2 below gives a description of ry{uj) in terms of (p. To state it, we 
need some more notation. Let us choose a topological generator go of the inertia 
group /*. To simplify the notation, we will identify G(— 1) = IIom(/*,G) with G 
(as abelian groups), via rj i-^ vilo)- We let Ffe^ act on G as follows: 

(2.2) -9 ^{<j)g^{a)-\ a G F,,, C F* . 

Finally, let us choose an element gq £ G lifting i^(go) G G. For all a £ Tko, we find 
that 

(2.3) := aorao)-''^^^" = aoiraoV^^^'y 
is an element of G. 

Proposition 2.2. (i) The map a is a 1-cocycle with values in G = 

G(— 1). Its cohomology class equals the residue ry{uj). 
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(ii) If r^{uj) — 0, then loq G H'^{kQ,C) is the obstruction for lifting the homo- 
morphism Cp^ := (^Ifj.^^ to G. 

Proof. For each a £ F^o, let us choose a hft £ G lifting <f{a). We may 
assume that cr i— > 6^ is continuous. Every element r e F^ can be written in a unique 
way as T = cr Qq, with a £ Tkg and i £ (Z')^ . Therefore, 

(2.4) ^'(ag^) :=6,a^ 

defines a continuous, set-theoretic lift cp' : F^ ^ G of (p. By definition, the class 
u! £ H^{k, G) is represented by the 2-cocycle 

(2.5) UJri,T2 ■■= (fi' (ti) ip' {t2) (fi' {tiT2)~'^ , Ti,T2 £ F^. 

Using ( |2.4[ ), one checks that ajri,r2 is normalized (i.e. equals 1 when one of the Tj 



equals 1) and depends only on the class of T2 in Ffc;, = F^/J*. By |23| , Section 



n.A.l, the residue rv{uj) £ iJ^(A:o, Hom(/', C)) is represented by the 1-cocycle 
(2.6) (T I — > [q^LOq,^), o-eFfeQ, q£l 



Using (|^), (|2j) and the identification C ^ C(-l) = Hom(/*,C), becomes 
tr I — > ujgg^^ = ip'{qo)ifi'{(T)(p'{qoay^ 

= ^'{q,)v'{a)^'{aqf''^")-^ 

This proves the first part of the proposition. The second part is obvious from the 
definition of the sequence (pTl|). □ 

Corollary 2.3. Assume that the order of ip^qo) £ G is prime to the order of 
G. Then ry(uj) — 0. 

Proof. It follows from our assumption that there exists a lift oq £ G of (p{qo) 
such that ordoo = ovd(p{qo) is prime to the order of G. By the definition of Ca we 
have 

for a £ Ffe„. Choose an integer n such that n = 1 (mod ordao) and n = 
(mod ordC). Then 

'^ao= ^(aj,') = (c;"a^')>^(-)=aj(^\ 

It follows that Co- = 1, for all a £ Tk„. □ 

Let us denote by R the ring of integers of fc*. Let Sr C P]^ be the closure 
of S in We say that the G-cover f . Y — > P^s has good reduction if (i) Sn is 
etale over Spec R and (ii) / extends to a finite morphism fu : Yr P]^ which is 
tamely ramified along Sr and etale everywhere else. If / has good reduction, then 
/ : F := Yr (g) fcg ^ P^s is a G-covcr, with branch locus S := Sr (X) /cq. 

Theorem 2.4. Assume that f has good reduction at v. Then r-u^w) — 0. More- 
over, the value luq £ H^{ko, G) of uj at v is the f.o.d.- obstruction for the G-cover f 
(for which kg is a field of moduli). 



This theorem can be seen as a consequence of Remark 1.3 (iii). Let us give a 
proof which does not rely on the results of |25]. 
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Proof. Let U := P^s — S and A : tti{U, zq) — > 7r^([/, zq) the specialization mor- 
phism, defined in ||l3| . Since / is assumed to have good reduction, $ : 7ri([/, zq) — > 
G factors through A and the resulting morphism $ : 7rJ(t/, zg) ^ G corresponds 
to the reduction /. Because A is Ffc-equivariant and the inertia group / < acts 
trivially on tt* ([/, z), the homomorphism : — > G is unramified, i.e. corresponds 



to a homomorphism Lp^^ : T^^ —f G. Thus, Proposition 2/1 implies that rT,{uj) — 



and that cjo is the obstruction for lifting ipka to G, proving the theorem. □ 



Theorem 2.4 above implies Theorem 3.1 of |8[]. Namely, assume that the char- 
acteristic of fco does not divide the order of G and that Sr is etale over Speci?. 
Then / has good reduction, by [Q, and hence r„(a;) = 0. If we assume in addition 



that cdk^ <1 (e.g. if fco is finite) then ui = 0, because the sequence (|2.1| ) is exact 



2.2. Ordered trees and compatible automorphisms. Let T — {V, E) be 
a tree, i.e. a finite and simply connected graph. We choose a distinguished vertex 
V{) G V{T) and call it the root of T. The choice of wo induces a natural orientation 
on T; we represent an edge e G E(T) as an ordered pair e = (wi, V2) of vertices such 
that vi is closer to wo than V2- For v G V{T) let py = (wq, . . . , v) be the shortest 
path leading from vq to v. We define as the subtree of T which contains all the 
vertices v' such that pv' passes through v. We set 

Ay := {v' \{v,v')eE{T)}. 

For each vertex v' there exists a unique vertex v — pre(t;') such that v' G Ay, called 
the predecessor of v' . A vertex v G V{T) — {vq} will be called a Zea/if yl.„ = 0. We 
write B{T) for the set of leaves of T. 

Definition 2.5. An order on T is a bijection ijj : {1,. . . , r} ^ B{T) such that 
for each v G the set 

Iv ■■= {^\ m^V{Ty)}c{l,... ,r} 

is an interval, i.e. /„ — {r' , . . . , r"}. The triple (T, vq, ip) is called an ordered tree. 

An order on T induces a strict ordering of the sets Ay-, for G Ay we 

write w' < v" if i G lyi and j G Z^" implies i < j. Conversely, if we choose a 
strict ordering on each set Ay then there exists a unique order tp on T inducing 
these orderings. In particular, an order ■0 always exists. An automorphism of the 
ordered tree {T, vq, ip) is an automorphism k : T ^ T such that k{vo) = vq. Via ip, 
K induces a permutation of {1, . . . , r}. Note that n is uniquely determined by this 
permutation. 

Let n — <7i, ... ,7r I Yi^i — 1> be the free profinite group defined earlier, 
and let {T,vo,tfj) be an ordered tree. For each v G V{T) we define an element 

iv ■■= Yi 

and a subgroup 

Fit, := <lv' I v' G Ay> C n 
of n. Note that 7.U1-, = 1, 7,/,(i) = 7i and that for all v G V{T) we have 

(2.7) 7. = n 7-'' 

where the product is taken with respect to the ordering on Ay induced by ip. 
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Definition 2.6. An automorphism r : n ^ 11 is compatible with (T, uqiV') if 
there exists an automorphism k of (T, vq, ip), an element x £ ^-nd elements G 
npre(i))j for all V e 1^(2^), such that the following holds. For each v G V{T) — {vq}, 
let f3y := ■ . . . ■ a^, where py = {vq, vi, . . . , w) is the shortest path from Vq to v. 
Then 

It is easy to see that x — x{t) ^-iid n — k,{t) are uniquely determined by r. 



1.4 



Example 2.7. Let p : n ^ 7ri(t/, zq) be a presentation, as in Definition 
An element a G Ffc induces an automorphism of 7ri(t/), and hence, via p, an 
automorphism of H. Let F := {0, 1, ... , r}, E {(0, 1), . . . , (0, r)} and T := 
(F, We declare G F to be the root of T and let V : {1, ■•■,?-} ^ B{T) be the 
identity. Then (T, O,?/') is an ordered tree, and the automorphism 11 ^ H induced 



by (T G Ffc is compatible with (T, 0,-0), by (1.3) 



Definition 2.8. Let T — (T^vq^i/j) be an ordered tree. A topological realiza- 
tion of T consists of 

• pairwise distinct points zq, . . . , G P£ (we set {/ := Pjj. — {zi, . . . , Zr}), 

• pairwise disjoint, connected, open subsets Uy C U, for v G V^(r), and 

• pairwise disjoint simple closed arcs Ce : [0, 1] ^ C/, for e G E{T), 

such that the following holds. The open subsets Uy are the connected components 
of [/ — (UeCe). For each edge e = {vi,V2), the arc Ce lies on the boundary of 
Uy-^ and , encircling Uy-^ in clockwise and Uy^ in counterclockwise direction. For 
i = 1, . . . , r, the set U^(^ijU{zi} is homeomorphic to an open disk. Finally, zq G Uy^. 

Fix w G V^(r) — vq, let pi, = (wo, wi, • • ■ , ffc-i, be the shortest path from vq 
to V, and set e := (ufc_i,w). Set Zt, := Ce(0) and := zq. Choose a simple path 
Uy : [0, 1] ^ Uy leading from Zyj^_-^ to Zy. Define 

by := a^j---a^, and 7„ := Ce6~^ 

We regard 7^ as an element of Tri{U,zo). To simplify the notation, set 7i := 7^(i), 
for i — 1, . . . , r, and 7^0 :— 1. 

Lemma 2.9. One can choose the paths Oy such that 

7^^ = n 

holds for all v G V(T) (in particular, 71 • • • 7r = 1 j and that the elements 71, . . . , 7r 
induce a presentation p :Il ^ t^i{U, Zq). 



A collection (oy) of paths as in Lemma 2.9 will be called a skeleton of the 
topological realization {zi, Uy, Cg). The presentation p in Lemma 2.9 will be said to 
be induced by (a„). 

Proposition 2.10. Let (zi, Uy, Ce), (ay) and p be as before. Let t : U ^ U be 
an orientation preserving diffeomorphism of U . Assume that t{zq) — Zq and that 
for all V G V{T) the restriction of t to Uy is a diffeomorphism Uy — > Uy' , for some 
v' G V{T). Then the induced automorphism of 7:i{U, zq) ^ H is compatible with T. 
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Proof. It is clear that r induces an automorphism k of T. We will use the 
notation v' := k{v). Replacing r by a homotopic diffeomorphism, we may assume 
that T(ce) = Ce', for all e € E{T) (in particular, T{zy) = Zyi). Fix v S V(T) — vq, 
let py — (vq, . . . , Vk-i, v) be the shortest path from vq to v and set e := (wfc_i, f ). 
Define 

av := by'^_^ T{ay)a~} b~}_^ 

and 

I3yi := t(6„)5~/ = a„j . . . 

Since the closed path T{ay)ayi lies entirely in ^, ayi is an element of the 
subgroup IIuj^ ^ . Moreover, we have 

T{"fy) = T{by) Cy> T{byy^ = Pv'Jv'Py'^- 

Therefore, r is compatible with T (note that x = 1). □ 
2.3. The fundamental group of a degenerating curve. Let k be as in 



Section 2.1 and S C P^s a finite, r^-invariant set and zq a fc-rational base point for 
U := P\s — S. In this section, we associate to (5*, zq) an ordered tree T. The tree T 
encodes the way in which the points in 5 U {^o} coalesce on the special fiber. If fcg 
has characteristic then there exists a presentation p : H ^ t^i{U, zq) such that the 
Ffe-action on 7ri([/, zq) = 11 is compatible with the tree T, in the sense of Definition 



2.6 above. If kg is a subficld of C, we can actually write down such a presentation. 
Moreover, we can compute the action of the inertia group on 7ri(t/, zq) explicitly, 
in terms of the braid action. 

The valuation u of A; extends uniquely to a valuation on fc*, which we also 
denote by v. Let R be the ring of integers of fc". We identify the residue field of R 
with the algebraic closure kg of fco- Let {Xj^; z^^, . . . , zji^r) be the (unique) model 
over R of (P^s ; zg, . . . , z^) as a stable (r + 1) -pointed tree of projective lines, in the 



sense of [12|. We denote by X := Xfi (g)/j kg the special fiber. By definition, X is 
a tree of projective lines, i.e. each irreducible component of X is non-canonically 
isomorphic to P^. For a point z G S U {zq}, we denote by z its specialization to X. 
The points zq, . . . ,Zr are pairwise distinct, smooth points of X. Since the model 

is unique, the natural Ffc-action on P^.s extends to an action on Xfj. This yields 
an action of Tk on X. In particular, the inertia group / < F^ acts /cQ-linearly on X. 

We define the tree T as follows. The set of vertices V{T) is the union of S 
with the set of irreducible components of X. For every singular point x of X, we 
draw an edge between the two vertices corresponding to the components meeting 
in X. Moreover, for each z g 5, we draw an edge between the vertex corresponding 
to z and the vertex corresponding to the component containing z. We declare the 
component Xq which contains Zq as the root of T. It is clear that the elements of 
S are the leaves of T. li v G V{T) is not a leaf, we write Xy for the corresponding 
component of X. The numbering {zi, . . . , z^} of the set S corresponds to a bijection 
ip : {1, ... , r} — > 5* = B{T). By changing this numbering, we may assume that ij) 
is an order. From now on, we fix and regard T — (T,XQ,ijj) as an ordered tree. 
We remark that the Ffc-action on X induces an action on T. It is clear that this 
action is determined by the action of F^ on 5 = B{T). 
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Figure 2. The curve X and the associated tree T 



Example 2.11. Let k := Q((t)), d e {±^/d±i^ft} and zq 0. The 

curve X consists of three components Xq, X^ and Xq. Each of these components 
corresponds to the choice of a coordinate w which identifies the function field of P^^ 
with k^{w), modulo the action of PGL2(i?). For the component Xq, we can choose 
the standard coordinate wq z. For X^, we choose :— {z + ^/d)/\/t, and for 
Xq we choose wq :— {z — \/d)/\/t. We let zi := —Vd + iy/t, Z2 := —Vd — iy/i, 
Z3 := — i\/t and Z4 := + Then zi, Z2 reduce to zi, Z2 € X^ and Z3, Z4 
reduce to ^3,^4 € Xq . See Figure ^. We remark that the standard generator qo 
of the inertia group / (which sends i^/" to e^^^*/"*!/") acts as an involution on X^ 
and Xq. 

The following theorem can be thought of as a rigid- analytic analogue of Propo- 



sition p. 10 

IT 



Many similar results can be found in the literature, see e.g. or 



Theorem 2.12. Assume that char(fco) = 0. There exists a presentation p : 
n ^ iti{U,zq) such that the Tk-action on 11 induced by p is compatible with T. 



Sketch of proof. We follow |gO[], with some modifications. The tree T can 
be equipped with a structure G oi a, graph of groups. For instance, to each vertex 
V € V{T) corresponding to a component Xy of X we associate the fundamental 
group TTilUy), where Uy is the open subset of X with all the points Zi, i > 0, and 
all singular points removed. To each leaf 1^(1) £ V{T), we associate the group Z(l). 
We obtain a "canonical" isomorphism 

(2.8) ^i(C/,2o) ^ 7ri(T,g). 



In analogy to Lemma 2.£ , one can choose a "skeleton" (ay) of (T, Q) which induces 
a presentation IIj. — s- Tri{T,Q) (actually, to make this precise, one has to consider 
(T, Q) as a graphs of groupoids). Let p ; ^ ^^liU, zq) be the composition of this 



presentation with the isomorphism (p.8|). The rest of the proof of Theorem 2.12 is 
formally the same as the proof of Proposition ^.10| . □ 

Remark 2.13. Assume that char(/co) = p > 0, and let 7r^'^™(t/, zq) be the ad- 
missible fundamental group, i.e. the inverse limit over the finite quotients of tti {U, zq) 
corresponding to Galois covers with admissible reduction (see ||20|). There exists 
a surjective homomorphism p : n — > ^^^"^{U, zq) which induces an isomorphism 
on the maximal prime-to-p quotients such that the action of Ffe on ■jTf'^'^{U, zq) is 
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compatible with p and T, in an obvious sense. In particular, Theorem 2.12 remains 



true if we replace 11 and 7ri([/, zq) by their maximal prime-to-p quotients. 



For a more detailed proof of Theorem |2.12| in a sp ecial case, see |27| . Under 
some extra assumptions, we can improve on Theorem 2.12 and define a concrete 
presentation p with the claimed properties. This presentation has the advantage 
that the inertia action on 7ri([/, zq) is known explicitly. 

We assume that fco is a subfield of the complex numbers, and that k := ko{t)^ 
is the henselization of ko{t) at the place t = 0. For practical applications, this is 
not a serious restriction. We will regard fc as a subfield of C((i)) and its algebraic 
closure k^ as a subfield of C{{t}}. We identify Tkg as a subgroup of F^, via its 
action on the coefficients of the Puiseux-expansion of elements of k. We let qq be the 
"canonical" generator of the inertia group loF^, i.e. we have qo{t^^") — e^'^'/"t^/". 
For simplicity, we assume moreover that oo ^ S* U {zq}- 

Let n be the smallest positive integer such that all points zq, . . . , Zr, regarded 
as elements of k^, lie in C((<^/")). We let i := i^/" and regard the Zi as germs of 
analytic functions of t. Choose e > such that zq, . . . , Zr are meromorphic on the 
disk 

D := {ieC \ \i\<e} 

and holomorphic on D* := D — {0}. If e is sufficiently small, the values Zi{t) 
are pairwise distinct, for all t G D*. The i?-curve Xf; gives rise to an analytic 
space X^, together with a map p : X^, D such that p^^{D*) = x D* and 
p~^{0) = X (g) C. Let e = (wi,W2) be an edge corresponding to a singular point 
Xe G X. The complete local ring of Xe on Xr has the form 

Oxn.,x, = R[[Ue,Ve \ MeWe=i"°]]) 

(for some well determined positive integer Ue) such that Ue — (resp. Ve — 0) 
defines the component X^^ (resp. X^^ in a neighborhood of a;^. We may assume 
that Ue,We are analytic functions in a neighborhood of x^. on Xjj. Choosing e 
sufficiently small, we may identify the analytic set 

V, := { (u,,v,:t) e I u,v, = e% |u,|, \v,\ < e"^/2n | 

with an open neighborhood of Xe on Xf^ . We may also assume that the sets Ve are 
pairwise disjoint. 

Fix a positive real number Iq such that < ta < e and let Zi := Zi{tQ^^), for 
i = 0, . . . ,r, and 

Ut, P'c-iS,,... ,5r} C 
For each edge e corresponding to a singular point Xe , define the closed arc 

[0, 1] Ut„ n 14 

For the edge e adjacent to the leaf let Ce : [0, 1] Utg be a small closed arc 
encircling Zi in counterclockwise direction. We may assume that all the arcs Ce are 
pairwise disjoint. For v £ V{T) ~ {wo}, set e := (pre(u),u) e and let Uv be 

the connected component of Ut^ — (Ue'Cg') containing the annulus { {ue, Ve, i) G 14 | 

\Ue\ > \Ve\ }. 
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Lemma 2.14. The data (z^, Uy, Ce) is a topological realization of the ordered tree 



T. 



Let us choose a skeleton (a^) for (z,;, [/„, Cg) and let : 11 TTi{Utg, zq) be the 
induced presentation (see Lemma . We define the presentation p : H ^ T^iiU, zq) 
as the composition of ptg with the canonical isomorphism 

(2.9) MUtorzo) ^ MU,zo). 

A careful modification of the proof of Theorem 2.12| yields (compare with 18|): 



Proposition 2.15. Theorem 2.1i holds with the presentation p constructed 
above. 

Let < |t| < e and choose a root t^/". The set 

St := {zi(ti/"),... ,z.(ii/")} C 

depends only on since changing the root t^/^ only permutes the points of St- Let 
9 : [0, 1] — > C be the closed arc 9{s) :— toe'^'^^^. The map s Sg(s) corresponds 
to an element Q € Br oi the Artin braid group on r strings. Here we identify Br 
with the fundamental group of the space of r unordered points in Ut^, with base 
point Sto — {zi, ■ ■ ■ ,Zr}. There is a well known action of Br on 7ri(C/(o, zq), see 
e.g. [p4], Section 11.10. By the definition of this action, the braid Q defined above 



corresponds, via the canonical isomorphism (2.9), to the inertia generator qo acting 
on 7ri([/, zo). This gives us a practical way to compute this action explicitly, see 



Example 2.16. Let k, S, zq be as in Example 2.11 . See Figure || for a picture 
of the presentation ptg, for to > sufRciently small and d > 0. 

It is easily seen that the inertia generator qo corresponds to the braid Q = 
Q1Q3 (where Qi, Q2, Qs are the standard generators of Br, see \24], Section 11.10). 
Therefore, qo acts on H via 

(2.10) 9071=717271"', '"72=71, '"73=737473"', *74 = 73. 

Set 75 := 7i72, 75 := 7374 , ^5 ■= <7i,72 > C 11 and Ilg := <73,74> C 11. Let 
a G Tq. By Theorem 2.12 and Proposition 2.15 , the action of cr on 11 = tti{U, zq) 
is compatible with the tree T. We conclude that 



(2.11) 



Moreover, we have 

(2.12) -^,=4-^^(^\ 
where e : Pq {±1} is the Kummer character e{a 



for i 
for i 



1,2 
3,4. 



e(cr)x(<T) 
76 , 



'^^d|^fd. 



2.4. Computation of the residue. In this section we compute the residue 
ry{uj) (and the value ujo, if ry{uj) = 0) in a nontrivial example. Let us fix a square 
free integer d and let k :— Q((i)), S :~ {±\/d± iVi} and zq := 0, as in Example 
2.11 and Example 2. IE. Let p : 11 ^ Tri{U,zo) be the presentation constructed in 



the last subsection (see Figure | 
to (plot), (I2II) and (I2II). 



Then the action of Pfe on ni(U, zq) = 11 is subject 
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Let G :— be the nonsplit central extension of by C ;~ {±1}- We denote 
by 3 A the (unique) conjugacy class of elements of order 3 in G and by Ni'"(3A'^) 
the set of Nielsen classes [g] — [51, 52, 93, .94] with g,; G 3 A, for i = 1, . . . ,4. 

Proposition 2.17. Given g — (31,52,53,54) such that [g] e Ni"(3A'*), let 
f : Y P^s be the G-cover with branch locus S and Hurwitz description g, with 
respect to the presentation p. We denote by k' the smallest field containing k 
which is a field of moduli for f and by uj £ H^{k',G) the f.o.d.- obstruction. Set 
55 := 5152 = (5354)"^ • Then one of the three following cases occurs: 

(i) Case 1: 55 = 1. We have k' ^ k ^ Q{{t)) and r^,(w) = {-d) G Q*/Q*^. If 
d = -1 then ry{Lu) = and loq = (-1,-1) € Br2(Q). 

(ii) Case 2: 55 has order 10. Then k' = Q{y/5){{i)), with 5v{i) = v{t), r^iuj) = 
and ujo = (-1, -d) £ Bt2{Q{V5)). 

(lit) Case 3: 55 has order 6. Then k' = Q(\/"^)((t)), with 3v{i) = v{t), rt,(cj) = 
and too = (-l,d) = (3,d) e Br2(Q(\/^)). 

Proof. There are exactly 18 classes [51,52,53,54] in Ni'"(3A^). Among them, 
there are two classes with 5152 = li 10 classes with 55 :— 5152 of order 10 and 6 
classes with 55 of order 6. See e.g. ||l|, Prop. 5.8] for the use of a Theorem of Serre 
|2l| showing how to compute the orders of products of odd order elements in An ■ 

Case 1: 55 = 1. The two Nielsen classes [g] € Ni'°(3A'*) such that 5152 — 1 
are permuted by an outer automorphism of G. Therefore, it suffices to consider 
one of them. So we assume that g = (gi, di^ , 93, 9^^) and that 51 (resp. 53) is the 



(unique) lift of (12 3) G A5 (resp. (34 5) G A5) to an element of order 3. By ( |2.10D , 
we have 

(2.13) g"" = (5r\5i,53"',53) = aogao\ 



where uq £ G is a lift of (1 2)(4 5) G ^5. Note that ao is of order 4. Equation ( ^.11 ) 
implies that 



(2.14) 



(.9f",5r^",.93^",53"'^"), ife. = l 
{9r,93'",9i',9i'''), ife. = -l, 



for all cr G Pq (we have used that the groups G5 := <5i, 5i ^> and Gq := <53, 53 
are cyclic). It follows that g"' — b^gb^^, where 

(2.15) 6, := 4^-^")/' 6(i-^.)/2, 



and 6 G G is a lift of (1 4) (2 5) G ^5- Together with < ^A^ ), we get that [g]^ = [g]. 



for all T G Pfc. This shows that k = Q{{t)) is the field of moduli of the G-cover /. 
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In A5, we have the equahty baob ^ = a^^ = —aQ. Using this and (2.15), we 
can compute the FQ-action on uq (defined by ( ^.2[ )): 

(2.16) "ao := b^aob-^ = a'„' . 



By Proposition 2^ (i), the residue r„(a;) G H^{(J,{ztl}) is represented by the 
CO cycle 

(2.17) = aoTaoy^" = a = 6,77,, 

where ri^ := "^i/i. Therefore, r„(w) = {-d) e QVQ*^ = i/i(Q,{±l}). Since we 
assumed d to be square free, we have ry(oj) = if and only if d = — 1. 

If d = -1, then r„(w) = and the value cjq e -H^^(Q,{±1}) = Br2(Q) of uj 
at V is well defined. By Proposition ^.2| (ii), o^o is the obstruction for lifting the 
homomorphism Cp : Fq —^G = Ac, given by 

(2.18) ifia) = (12)(45)(i-X")/2 (i4)(25)(i-^-)/2 

to a homomorphism ip : Fq —^ Ac,. In other words, it is the obstruction for lifting 
the Z/2 X Z/2-extension Q(-\/3, i)/Q to a quaternion extension. As in the proof of 



Proposition 1.7, we conclude that 



(2.19) Luo = (-1,3) + (-1,-1) + (3,-1) = (-1,-1) ^ 0. 

Case 2: 55 has order 10. Let O be the set of Nielsen classes [g] E Ni'"(3yl'*) 
such that 35 := (7152 has order 10. The inertia generator qq, which acts on Ni'"(3yl'*), 
stabilizes O and has two orbits Oi and O2 of length 5, where a Nielsen class [g] G O 
belongs to Oi (resp. O2) if 55 S WA (resp. lOi?). Here 10^ and lOi? are the two 
conjugacy classes in ^5 of elements of order 10. Since the classes 10^1 and lOB 



are conjugate over Q(v5), it follows from ( 2.12 ) that Oi = O2 for ct € Fq with 
= — \/5. Therefore, Tk acts transitively on O, and the fixed field of any class 
[g] e O is of the form k' := Q(-\/5)((i)), with bvit) = v{t). Hence, all classes [g] 
with 35 of order 10 are conjugate under the action of F^. We may therefore assume 
that g :— {gi, 92, T 9i^): where 91 is a lift of (12 3) G A^ and 92 is a lift of 
(14 5). The G-cover / with Hurwitz description [g] has field of moduli k' as above. 
Therefore, there exists an element aq € G such that g'^f = aogflQ ^. In particular, 
O'O 950-0^ ~ 95- Since any subgroup of order 5 in ^5 is self-centralizing, the image 



of ao in ^5 has odd order. From Corollary 2.2 we conclude that r„(a') = 0. 

For all a G Tq^^j^, there exists ba E G such that g'^ ~ ba g^^^- By ( 2.12 ), we 
have 

(2.20) 9^, = 9^"' - b,9^b-\ 

In particular, b„ lies in N ^ the normalizer of <95> C A5. Let N be the image of N 
in A^. The group N is dihedral of order 10. Let (p{a) := b^ and ■0 : F^j-ygj <±1> 
the composition of (p with the sign character N {±1}- By ( ^.20 ), ■0((t) = Xa-^o- 



(mod 5). A computation shows that ip corresponds to the quadratic extension 

Q(%/5, y^d(-10 + 2V5) ) / Q(V5). 
To lift (f to Ac, it suffices to lift ijj to a homomorphism ip : Fq, ^ Z/4 (compare 



with the proof of Proposition 1.7). Using 10 — 2^5 = (1 — \/5)^ + 2^, we conclude 
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that 

Wo = (-1, d(-10 + 2V5)) = {-l,~d). 

Case 3: 515 has order 6. Let O C Ni'°(3A*) be the set of classes [g] with 55 of 
order 6. As in Case 2, qo acts on O and has two orbits, of length 3. Therefore, the 
fixed field of [g] G O is of the form k' = ko{{t)), with 3v{t) = v{t) and ko/Q at most 
a quadratic extension. We claim that ko = Q{^/^), for all [g] G O. It suffices to 
show the following. Let ct G Fq such that g"' = bagb~^, for some G G. Then 
x((t) = 1 (mod 6). 

The subgroups G5 :— <gi,.g2> and Ge ■— <g3,g4> of A5 are of order 24, 
isomorphic to (two 3-cycles in A5 generate either a cyclic subgroup of order 3 
or a subgroup isomorphic to A4). Moreover, G5 n Ge is cyclic of order 6, generated 
by 35. Now assume that g"' = bagb~^ and e((T) = 1. It follows from ( 2.1l| ) that 



bcr G^b^^ = G5 and 6^ 6^ = Gq. It is easy to see that this implies 6^ G G5 n 
Ge = <55>- Using ( |2.12| ), we get 55^'^^ = b^g^K^ = 55, hence x(o-) = 1 (mod 6). 



The argument is similar if e(cr) — —1. Then 60- G5 fe^.^ = Ge and b^Geb^^ = G5, 
and one can show that this implies b„ g^ b^^ — g^^. Using again (2.12), we obtain 
g-^'^"^ = b^g5 = hence x(ct) = 1 (mod 6). 

Let / be the G-cover with Hurwitz description [g] G O. We have shown that 
the minimal field of moduli of / containing k is of the form k' = Q(\/— 3)((t)), with 
3v{i) = v{t). Therefore, g*" = oq gap, for some ao G G. As in Case 2, we conclude 
that ao G <55> and can therefore be assumed to be of odd order. By Corollary 
^.3| , we have r„(a;) = 0. 

Recall that g'^ = ba-gbcr implies b„ g;^b~^ = g'^^''\ Therefore, the image of 
(p{<7) '■= ba is contained in TV C ^5, the image of the normalizer of 35 in A5. 
The group N is dihedral of order 6, and the composition of ip with the character 
N — + {±1} equals e. As in Case 2, we conclude that ujq = {—l,d) = {3,d) G 
Br2(Q(V^)). □ 



2.5. Specialization to p-adic fields. In this section, we let fc be a field which 
is complete with respect to a discrete valuation v, and assume that the residue field 
ko is perfect of characteristic p > 0. We denote by Ok the ring of integers of A: and by 
p the maximal ideal of Ok- We set Kt := k{{t)) and denote by vt the valuation of Kt 
which has i as a uniformizer. We let ft-Yt^ be a G-cover over = ^"{{0} 
such that Kt is a field of moduli for /(. 

Our first goal is to define, for any element a G p — {0}, the specialization 
fa-Ya^ of ft at t = a, which should be a G-cover over k^ with field of moduli 
k. Second, we would like to compute the residue ^^(wa) of the f.o.d. -obstruction uja 
of fa in terms of a and the residue ry^iujt) of the f.o.d. -obstruction ujt of ft- Both 
these goals are problematic, in general, and we need some extra assumptions to 
succeed. 

Let A :— Ok[[t]] and K := Frac(A). The ring ^ is a complete local domain, 
regular of dimension 2 and factorial. The field Kt = k{{t)) is the completion of K 
at the valuation corresponding to the ideal (t) < A. We denote this valuation also by 
Vt- Moreover, we identify K^ with the algebraic closure of K inside Kt = A:*{{i}}. 

Condition 2.18. 
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(a) The branch locus St C P]fs of the G-cover ft is defined over K, i.e. 

St ^ {z \ F{z) }, with F{Z) e K{Z). 

(We may choose F{Z) E A{Z) such that the gcd of the coefficients is 1. We 
let 6{S) <i Ahe the ideal generated by the discriminant of F.) 

(b) We have S{S) = {t"), with n > 0. 

(c) The order of the group G is prime to p — char(fco)- 



We assume from now on that Condition 2.18 is in force. By Condition 2.18 (a) 
the branch locus St C of the G-cover /( descends to a closed subscheme S C F]^ 
Let V := Spec and Sy C P|;, the closure of S inside By Condition |T8 

(b), Sv ^ V is etale. Therefore, the embedding Sy C Py corresponds to a 
morphism V lAr, where Ur is the fine moduli space for the moduli problem "r 
distinct unordered points in In more concrete terms, we have Ur = — Sr 

{Sr denotes the discriminant hypersurface), and the coefficients of the polynomial 
F(X) e ^[l/i] [X] which defines Sy are the projective coordinates for the morphism 
V ^ Ur- Let TLr{G) be the Hurwitz space classifying G-Galois covers over with 
exactly r branch points. To simplify the notation, we consider hij. and TLr{G) as 
schemes over o. Since the order of G is prime to the residue characteristic of o (by 
the natural morphism 7ir(G) 



Condition 2.18 (c) ), the natural morphism Tir{G) — > Ur (which associates to a 
G-cover its branch locus) is finite etale, sec [ p5|. T he G-cover /( corresponds to a 
morphism [ft] : Speci^t Hr{G), see Remark 



U (ii)- 



Lemma 2.19. The morphism V Ur lifts to a morphism tp : V Ti.r{G) such 
that the following diagram commutes. 

[ft] 



(2.21) 



Spec Kt 

i 
V 



/ 



HriG) 

i 

Ur. 



Proof. Since TiriG) — > is a finite and etale morphism, the fiber product 
V^Ur-T^r{G) will be finite and etale over V. Let V C V Xu^Tir{G) be the irreducible 
component which is the image of the morphism SpeciiTt -^Vx-u^ 7ir(G). Then V' 
is integral, its fraction field K' is a finite extension of K and a subfield of Kt, and 
V' is the integral closure of V in K' . We have to show that K' = K. 

Let A' be the integral closure of A in K'. Clearly, A' is a finite A- algebra, with 
fraction field K', and A'[l/t] is etale over A[l/t]. Using Purity of Branch Locus and 
Abhyankar's Lemma, one shows that there exists an embedding A' ^ "'[[i"'^^"]] of 
A-algebras, for some n> 1 and some finite unramified extension o'/o. In particular, 
the valuation vt of K is totally ramified in K'. But K' was defined as a subfield of 
Kt = k{{t)). Therefore, Vt is actually unramified in K' . Thus, by Purity of Branch 
locus. A' /A is etale. Since A is henselian, a finite etale extension of A is uniquely 
determined by its residue field extension. It follows that A' = o'[[t]], for some 
finite unramified extension o'/o. Using again the embedding A' C Kt = k{(t)), we 
conclude that A' = A. This proves the lemma. □ 



Y 



ji 



Lemma 2.19 shows in particular that ft descends to a G-cover / 
over K" such that K is a. field of moduli for /, see Remark 1.3 (ii). 

Let us fix an element a in p — {0}. We denote by Va the discrete valuation 
of K corresponding to the ideal {t ~ a) <\ A (note that Va ^ vt). We choose an 
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extension Va of Va to K''. Let R C K'^ denote the valuation ring corresponding to 
Va- By Condition 2.1^ (b), the branch locus S C of / extends to a subscheme 



Sr C P]j. such that Sr is etale over Spec R. It follows that / has good reduction at 
Va- Let fa'-Ya^ P^s be the reduction of f at Va- We call fa the specialization of 
ft at t — a. By definition, /a is a G-cover defined over fc*', and fc is a field of moduli 
for fa- 

The following theorem states that one obtains the f.o.d. -obstruction for fa by 
'specializing' the f.o.d.-obstruction for ft at t = a. Moreover, this specialization 
procedure is compatible with computing the residue. The essential idea behind the 
theorem is that the class ujt behaves just as one would expect it to behave if k were 
a local field of equal characteristic, with field of coefficients fco, and the class ojt 
arises from pull-back via the inclusion ko((t)) ^ k{{t)). 



Theorem 2.20. Assume that Conditions 2.1^ (a), (b) and (c) hold. Let ujt € 



H^{Kt,C) he the f.o.d-ohstruction for ft and Ua € H'^(k,C) the f-o.d. -obstruction 
for fa- Then 

(i) The residue rt{ujt) S H^{k,C{—\)) of uJt at Vt is unramified at v, i-C. is 
induced by a class rt{ujt) G H^{k{),C{—l)). 

(ii) In H^{kQ,C{—\)), we have the formula 

r^{uja) = v{a) ■ ft{ujt)- 

(iii) If rt{ujt) ~ 0, then oJt lies in the submodule H^{ko,C), and the equality 

LOa — holds- 

Proof. Let k" be the maximal unramified extension of k and o" the ring of 
integers of fc°'. We denote by Sa the set of discrete valuations of K which dominate 
A. Define L" C K"^ as the maximal algebraic extension of K which is unramified 
over each valuation w ^ Sa- By Purity of Branch Locus, we can identify Gal(L°'/ K) 



with 7ri(Spec^), see |13|. Since A is a henselian local ring with residue field fco, 
7ri(Spec^) is canonically isomorphic to Pfc^. Moreover, S"" := o"' [[t]] is the integral 
closure of A in Similarly, let L C be the maximal algebraic extension 

of K which is unramified over each valuation w € Sa — {rit}- We may identify 
Ga\{L/K) with tti{V), where V ~ Spec A[l/t]- Let B be the integral closure of 
A in L. Abhyankar's Lemma together with Purity shows that B = U„o"' [[i^^ 



where n runs over all integers prime to p (compare with the proof of Lemma 2.19| 
Therefore, Gal(_L'"/-^) = We obtain the following commutative diagram: 





1 — 


. Z'(l) - 






1 


(2.22) 




i 


i 


i 






1 — 


. Z'(l) - 




Pfc,, 


1 



The vertical arrows are induced by the embedding of into Kt- By [131, we have 
canonical isomorphism Hl{V,C) W{Tri{V),C), for i > 0. Applying ||23|, ILA.l, 
§1 and §2] to ( |2^ ), we obtain the following commutative diagram: 



^ H^ko,C) Hl{V,C) ^ H\ka,C{-l)) ^ 

(2-23) i i i 

^ H^{k,C) H^Kt,C) i?i(fc,C(~l)) ^ 0. 
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The lower row is nothing else then the residue sequence (2.1) for the field Kf. The 
vertical arrows are the restriction homomorphisms from Galois cohomology. 

Let (p : V —> Ti.r{G) be the morphism given by Lemma 2.1S| and ujv '■= V*'^ G 
Hft(y,C) the puU back of the global f.o.d.-obs truct ion a) € Hl{Tir{G),C), see 
Remark |l.3| (iii) and |25|. By functoriality and (2.21), the morphism H^^(V,C) — > 
H^{Kt,C) in ( ^.23 ) maps ajy to Wt, the f.o.d.-obstruction for ft. Therefore, Part 



(i) of Theorem 2.20 follows from the commutativity of diagram (2.23). 

Let Ka denote the completion of K with respect to the discrete valuation Va 
and K" its maximal unramified extension. We may identify Ka with k{{t — a)) 
and with fc^((t — a)). Moreover, we may identify Ga\{K™ / K^) with r^, the 
absolute Galois group of k. Since Va is unramified in the extension L/K, there 
exists an embedding L ^ K^' = k''{{t — a)). Explicitly, we choose a compatible 
system a^/" e k^ of nth roots of a € fc (where n runs over the integers prime to p), 
and define L ^ K" by 



(2.24) 



t 



l/r, 



(1 



(1 



t 



Let qo £ Z' (1) he a topological generator, corresponding to a compatible system 
(Cn) of nth roots of unity, where p /fn. Let Z'(l) ^ Tk be the natural morphism; 
it sends qo to the automorphism of k which maps tt^/" to CnTr^/", where tt is a 
uniformizer of k. Similarly, let Z'(l) ^ t^i{V) = Ga\{L/K) be the morphism that 
sends qo to the automorphism of L which maps t^/" to Cnt^^^- It follows from 
( ^.24 ) that the restriction homomorphism r|, Ga\{L/K) = T^iiV) induces a the 
diagram 





1 — 


. Z'(l) - 


Tk - 




1 


(2.25) 






i 


i 






1 — 


-> Z'(l) - 






-> 1, 



where the left vertical arrow sends go to gQ^""*. The vertical arrow on the right is 
clearly the identity. We apply again |23, ILA.l, §1 and §2], this time to ( p. 25 ), and 
we obtain the following diagram. 



(2.26) 



HHko,C) 
I 

H^{ko,C) 



Hl{V,C) 
i 

H^ik,C) 



H\ko,C{-l)) 

■via)l 

H\ko,C{-l)) 



The upper row is the same as in (2.23), the lower row is the residue sequence 
for the field k, see (^^). The left and middle vertical arrows are the restriction 
homomorphism from Galois cohomology; in particular, the left vertical arrow is the 
identity. Checking the definition of the residue map (see the proof of Proposition 
2.2), one finds that the vertical arrow on the right is multiplication by v{a) and that 
the diagram ( 2.26| ) commutes. This proves Part (ii) and (iii) of the theorem. □ 



Example 2.21. Let / : F ^ be the As-covers with branch locus S = 
{±Vd±iVi} a nd H urwitz description [g] = [91,91^,93,93^] G Ni'°(3A'') considered 
in Proposition |2.17 , Case 1. We showed that Q((t)) is a field of moduh for / and 
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that rt(tj) ^ {-d) e Q*/Q*^, where uj e H^{Q{{t)), C) is the f.o.d.-obstruction and 
rt denotes the residue map corresponding to the valuation with parameter t. 

Let p > 5 be a prime and assume that p J{d. Choose an embedding of Q into 
Qp. We will consider / as a cover over Qp{{t)), with field of moduh Qp{{t)). The 
discriminant of S is 

and Condition 2.18| holds. We may therefore specialize f at t ~ p, and we obtain 
an As-cover fp:Yp-^¥^ over Qp, with branch locus Sp = {±Vd± ^} and field 
of moduH Qp. Since p /( d, the residue rt{uj) = (— d) S ^^(Qp, ±1) is unramified, as 



predicted by Part (i) of Theorem By Part (ii), rp(tjp) = (-d) G H^{¥p,±l) = 



¥*/¥*/, where Wp G H^{Qp,±l) = Br2(Qp) is the f.o.d.-obstruction for fp. In 
terms of the norm residue symbol, we have 



{-d,-p)p = 



-1 



1 



if 
if 



-d — a;2 (mod p), 
-d ^ a;2 (mod p). 



It is not hard to extend the computations of Section 2.4 to show that the f.o.d.- 
obstruction ujt e H^{Q{{t)),±l) = Br2(Q((t))) is given by the Hilbert symbol 
(— d, —t). Thus, to specialize ujt to ujp, one had to "plug in" t — p. 
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